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To assess the accuracy of exchange-correlation approximations within density functional theory DFT,
diffusion quantum Monte Carlo DMC and DFT methods are used to calculate the energies of isomers of three
covalently bonded carbon and boron clusters C20, B18, and B20, and three metallic aluminum and copper
clusters Al13, Al55, and Cu13. We find that local and semilocal DFT methods predict the same energy ordering
as DMC for the metallic clusters but not for the covalent clusters, implying that the DFT functionals are
inadequate in such systems. In addition, we find that DFT fails to describe energy reductions arising from
Jahn-Teller distortions.
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I. INTRODUCTION
Aggregates of 10–106 atoms or molecules are known as
nanoclusters. They form a bridge between molecules and
bulk materials, and are the building blocks of nanoscience.1
Furthermore, they often show significant quantum-size ef-
fects and irregular changes in properties with increasing clus-
ter size. Clusters have naturally been the subject of numerous
experimental and theoretical studies in recent years.2–8 There
are many potential technological applications of nanoclus-
ters. Several metallic clusters have been shown to be very
active catalysts9,10 due to their high surface-area-to-volume
ratios and unusual surface structures. It may be possible to
use nanoclusters in the production of cheap and efficient so-
lar cells.11 There has also been much interest in the possibil-
ity of using nanoclusters for innovative drug delivery
systems.12
A crucial first step in studying a cluster is to identify its
most stable isomers. The most widely used theoretical
method for this purpose is density functional theory DFT.
Unfortunately, DFT predictions of the most stable isomers of
covalent clusters sometimes differ from those obtained using
more accurate theoretical methods, casting serious doubt on
the reliability of DFT results.13–17 The accuracy of DFT for
metallic clusters has not been tested to the same extent, de-
spite the fact that metallic clusters are of greater technologi-
cal importance and have been the subject of numerous DFT
studies. It is clearly essential to assess the accuracy of DFT
over a range of different cluster types. To this end, we have
used the highly accurate diffusion quantum Monte Carlo
DMC method18 to generate benchmark energies for both
covalent and metallic clusters.
In previous studies, the high-level quantum chemistry
coupled-cluster method including single, double, and nonit-
erative perturbative triple excitations CCSDT has been
used to calculate the energies of three isomers of C20,16,17
giving results in reasonable agreement with DMC13,14 but in
disagreement with DFT. DMC can be applied to systems
ranging from atoms to bulk materials because its computa-
tional cost scales as the cube of the system size, which is
much more favorable than CCSDT, whose cost scales as
the seventh power of the system size. This has allowed us to
study a wider range of clusters than would have been pos-
sible with high-level quantum chemistry methods. The im-
portance of high-quality benchmark calculations lies not only
in comparisons with simpler methods such as DFT but also
in understanding experimental data. For example, experi-
ments indicate that the most stable isomer of C20 is a
ring,19,20 whereas the most accurate theoretical studies indi-
cate that the bowl and cage are lower in energy.13,14,16,17 The
resolution of this paradox is that the experiments are con-
ducted at high temperatures; in fact the ring isomer is calcu-
lated to be the most stable when finite-temperature
corrections21,22 are included. To study the role of finite-
temperature effects carefully, both experimental results and
highly accurate data for the static-nucleus energy differences
between the isomers are required.
In order to examine the accuracy of various DFT
exchange-correlation XC functionals in predicting the rela-
tive energies of cluster isomers and to provide new bench-
mark data, we have performed DMC calculations for three
covalent carbon and boron clusters C20, B18, and B20, and
three metallic aluminum and copper clusters Al13, Al55, and
Cu13. We compare our DMC results with DFT ones obtained
using the local density approximation LDA,23 and the
Perdew-Wang 1991 PW9124 and Perdew-Burke-Ernzerhof
PBE25 generalized gradient approximation GGA XC
functionals. Our work extends earlier DMC studies of cova-
lent clusters13,14,26,27 to a broader range of clusters with
strong covalent bonds C and B and metallic bonding Al
and Cu, the latter including strong electron-correlation ef-
fects from the tightly bound Cu 3d electrons. From our DMC
results, we conclude that LDA and GGA XC functionals are
reliable for metallic clusters but not for covalent ones.
Our paper is organized as follows. In Sec. II we briefly
describe the computational details of our calculations. In
Secs. III A and III B we report the DFT and DMC relative
energies of the various cluster isomers that we have studied.
In Sec. III C we present an analysis of the correlation be-
tween the isomer energies obtained using DMC and DFT.
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Finally, we summarize our findings in Sec. IV.
II. COMPUTATIONAL DETAILS
Our DFT calculations were performed with the CASTEP28
and VASP29 plane-wave DFT codes. In the VASP calculations
the electron-ion interaction was described by the projector-
augmented-wave method while in the CASTEP calculations
we used norm-conserving Dirac-Fock pseudopotentials30 for
C, B, and Al, and an optimized LDA pseudopotential31 for
Cu. The data presented in Fig. 1 show that the LDA energies
obtained using CASTEP and VASP are very similar, demon-
strating that the results are insensitive to the choice of
pseudopotential. We used plane-wave cutoff energies of at
least 1000 eV for the B, C, and Cu clusters, and at least 400
eV for the Al clusters. The periodic simulation cell had a side
length of at least 12 Å in each case in order to eliminate
interactions between clusters.
The initial cluster geometries were taken from previous
theoretical work. We also performed first-principles molecu-
lar dynamics MD simulations which enabled us to discover
unfound structures. The structures were fully relaxed within
DFT-LDA. We used the fixed-node DMC method as imple-
mented in the CASINO code32 with the geometries optimized
within CASTEP. We used the same pseudopotentials as in the
CASTEP calculations because it has been found that Dirac-
Fock-based pseudopotentials give superior results to DFT
ones in DMC calculations.33 Our trial wave functions were
of Slater-Jastrow form, where the Slater determinants con-
tained the DFT-LDA orbitals generated by CASTEP. Our Ja-
strow factors contained electron-electron and electron-ion
terms,34 and the variable parameters were optimized by mini-
mizing the variance of the energy.35 Electron-electron-
nucleus Jastrow terms were not found to make a significant
improvement to the wave functions. We used a DMC time
step of 0.01 a.u. in all our production calculations, apart from
those for Al13 and B18, where we used a time step of 0.005
a.u. We verified that the energy differences between isomers
were converged with respect to the DMC time step by re-
peating some of the calculations with half the time step.
For the “G1” set of 55 molecules, Grossman36 has shown
that the average absolute deviation of the pseudopotential
fixed-node DMC atomization energy from the experimental
benchmark data is 2.9 kcal/mol 0.126 eV. We expect the
cancellation of fixed-node errors between isomers of the
same cluster to be much better than the cancellation that
occurs in the calculation of the atomization energy.
III. RESULTS AND DISCUSSION
A. Covalent clusters
We first considered three C20 isomers: a ring of D10h sym-
metry, a cage of C3v symmetry, and a bowl of C5v symmetry.
The isomer energies relative to their average are plotted in
Fig. 1a. The DMC energy of the ring is 0.55 eV higher than
that of the bowl while the energy of the cage is 0.15 eV
higher still. DFT-PBE and DFT-PW91 calculations give the
same energy ordering as DMC while DFT-LDA predicts that
the cage has the lowest energy. This suggests that GGAs give
a better description of C clusters than the LDA. Our DMC
results are qualitatively consistent with those of previous
DMC studies,13,14 which used geometries optimized within
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FIG. 1. Color online Energy relative to the average for isomers of a C20, b B18, c B20, d Al13, e Al55, and f Cu13 obtained using
the DFT-LDA, DFT-PBE, DFT-PW91, and DMC methods. The DMC error bars are about 50 meV for C20, less than 27 meV for B18 and B20,
less than 48 meV for the Al clusters, and less than 60 meV for Cu13.
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and both pseudopotential and all-electron methods. However,
the previous DMC studies found the energy differences be-
tween the ring and bowl structures, and cage and ring struc-
tures to be 1.1 and 1.0 eV, respectively. The likely reason for
the discrepancy with our results is the use of Hartree-Fock
geometries in the earlier studies. A comparison with coupled-
cluster results has shown that the energy differences between
C clusters optimized at the Hartree-Fock level are too
large.16
A C20 cage isomer of Ih symmetry may undergo a Jahn-
Teller distortion to a lower-symmetry C3v structure while a
ring structure of D20h symmetry can undergo a Jahn-Teller
distortion to a lower-symmetry D10h structure. The energy
lowering due to these distortions is shown in Fig. 1a. The
C3v cage is 1.14 eV lower in energy than the Ih cage within
DMC but within DFT the energy reduction ranges from 0.3
to 0.5 eV. For the ring isomer, the DMC energy of the D10h
isomer is 2.84 eV lower than D20h but the DFT energy re-
duction ranges from 0.5 to 0.8 eV. The discrepancy between
the DMC and DFT energy differences demonstrates that
DFT with local and semilocal XC functionals underestimates
the energy reduction from the Jahn-Teller effect.
We have also studied B clusters. Figures 1b and 1c
show the geometries of different isomers of B18 a double-
ringed tube, a hollow with Oh symmetry, and two planar
isomers and B20 a tube and three planar isomers. The B20
structures were taken from previous calculations15 and re-
laxed at the DFT level, except for the planar-3 isomer see
Fig. 1c, which we found using first-principles MD simu-
lations. Our DFT and DMC energies are reported in Figs.
1b and 1c. The DFT-LDA, DFT-PBE, and DMC calcula-
tions all predict that the planar-2 isomer of B18 and the
double-ring tubular isomer of B20 are the most stable struc-
tures.
An earlier first-principles study of B20 also found the tu-
bular isomer to be lowest in energy.15 In that work, it was
suggested that the planar structure is the most stable for Bn
clusters with n20. Our results for B18 support this conjec-
ture. However, the numerical values of the DFT-LDA and
DFT-PBE relative energies of the isomers are very different.
The DMC results indicate that the PBE functional is more
accurate than the LDA. In the LDA expression for the XC
hole, the density prefactor is the local density instead of the
nonlocal density that appears in the exact XC hole formula.
This causes the LDA to favor compact structures. In their
study of C20, Grossman et al.13 found that the LDA favors
the more compact cage structure over the ring or bowl iso-
mers. In B18, the planar-1 and hollow geometries are more
compact than the tubular structure while in B20 the planar-2
structure is more compact than the planar-1 and planar-3
structures; the results in Figs. 1b and 1c show that the
LDA again favors the more compact structures.
B. Metallic clusters
We have also performed DFT and DMC calculations for
Al and Cu clusters. We investigated three high-symmetry
isomers of the magic-number clusters Al13, Al55, and Cu13;
the icosahedral ICO, decahedral DEC, and cuboctahedral
FCC structures. To perform a more rigorous comparison
between DMC and DFT, we also examined two amorphous
structures of Al55 AM-1 and AM-2, which we found by
first-principles MD simulation. The amorphous isomers have
lower energies than the high-symmetry structures. The rela-
tive energies of the Al clusters are shown in Figs. 1d and
1e and those of Cu13 are shown in Fig. 1f. The LDA
performs relatively well in metallic clusters compared with
covalent clusters because the valence-electron distribution is
comparatively smooth. Indeed, we find that the DFT-LDA,
DFT-GGA, and DMC energy orderings are in agreement.
However, the GGAs give slightly more accurate energy dif-
ferences than the LDA, especially in Al55 isomers.
C. Correlation analysis
The extent to which DFT is a reliable predictor of the
relative stability of the isomers can be further quantified by
examining the correlation between the DFT and DMC ener-
gies. For each cluster we define an n-dimensional displace-
ment vector D = r1 ,r2 , . . . ,rn, where n is the number of
isomers of the cluster, ri=Ei−E¯ for each isomer i, and E¯ is
the average energy of the isomers. The correlation of the
DFT and DMC energy data is given by
corrEDFT,EDMC  cos =
D DFT ·D DMC
D DFTD DMC
, 1





quantifies the extent to which DFT tends to overestimate or
underestimate energy differences. The DFT and DMC ener-
gies are identical up to a constant shift if and only if
cos=1 and L=1.
Numerical results for cos and L for the different clus-
ters and XC functionals are given in Table I. These results
make the conclusions given in the preceding paragraphs
strikingly clear: 1 cos is close to unity for metallic clus-
ters but is significantly lower for covalent clusters. DFT is
therefore much better at predicting the energy ordering of
metallic clusters than covalent ones. It can also be seen that
the value of cos for a cluster of the transition metal Cu is
intermediate between the values for the covalent and simple
metallic clusters. 2 The different XC functionals predict the
relative stabilities of metallic clusters consistently but this is
not the case for the covalent clusters. The value of cos for
metallic clusters ranges from 1 to 0.976 and L ranges from
0.708 to 0.858. However, for covalent clusters, cos ranges
from 0.989 to 0.297 and L ranges from 0.312 to 1.189. 3
The GGA functionals are only slightly better than the LDA
for metallic clusters although they are significantly better
than the LDA for covalent clusters. Another interesting find-
ing is that L1 for all the metallic and most of the covalent
clusters studied, showing that DFT tends to predict smaller
energy differences than DMC.
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IV. SUMMARY
In summary, we have used DMC methods to calculate the
relative energies of isomers of six different nanoclusters. For
C and B clusters, different approximate DFT XC functionals
yield different energy orderings and the relative DFT ener-
gies sometimes differ significantly from the DMC results.
GGA functionals are more accurate than the LDA in these
systems. DFT fails to give an adequate description of energy
differences caused by the Jahn-Teller effect in C20 isomers.
Our results strongly suggest that, in studies of covalently
bonded clusters, DFT calculations using local LDA or
semilocal PW91 or PBE XC functionals should only be
used with extreme caution. On the other hand, DFT-LDA,
DFT-GGA, and DMC calculations give accurate energy dif-
ferences for isomers of Al and Cu clusters. The DFT ap-
proach therefore appears to be rigorous and reliable in stud-
ies of metallic clusters.
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